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ABSTRACT: The present paper deals with different geometrical properties of the CR-submanifold of a nearly Quasi
Sasakian manifold, generalizing the results of a nearly Quasi Sasakian manifold and thus those of Sasakian manifolds
with the quarter-symmetric metric connection. In the end, we studied the properties of the parallel distribution relating
to &-vertical CR-submanifold of a nearly Quasi Sasakian manifold with quarter-symmetric metric connection.
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1. INTRODUCTION

In 1978, Bejancu introduced the nation of CR-submanifolds of
a Kaehler manifolds [1]. Since then a number of authors
extensively studied these submanifolds ([3],[4],[9].[10]). On
the other hand, quasi Sasakian manifolds have been studied by
Blair [8], Kanemaki [11], Tanno [19] and Rahman et. al [12-
18]. Calin extensively studied integrability and geodesic
property of the distribution of contact CR-submanifolds of
quasi-Sasakian manifolds ([5],[6],[7]).

The purpose of the present paper is to study the notion of CR-
submanifolds of a nearly quasi Sasakian manifold with the
quarter-symmetric metric connection. The rest of this paper is
organised as follows. In section 2 we recall some results and
formula for the latter use. In section 3 we prove some basic
lemma about CR-submanifold of a nearly quasi Sasakian
manifold with the quarter-symmetric metric connection. In
section 4 we study parallel distributing relating to &-verticle
CR-submanifold of a nearly quasi Sasakian manifold with the
quarter-symmetric metric connection. In section 5 we obtain
Integrability conditions of distribution on CR-submanifold of
a nearly quasi Sasakian manifold with the quarter-symmetric
metric connection.

2. PRELIMINARIES
Let M be a real 2n+1 dimensional differentiable manifold,

endowed with an almost contact metric structure
(¢, &,1m, 9). then we have from [9]
% =—-1+n®¢, n(X) = g(X,$) (1)
n =1 nop=0 P¢)=0 (2)
g@X,pY) = g(X,Y) —nX)n(Y) 3

For any vector field X,Y tanjent to M , where I is the identity
on the tanjent bundle TM of M. In this case

g@X,Y) = —g(X,¢Y) 4
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An almost contact metric structure (¢, &,n,g) on M is called
quasi —sasakian manifold if
(Vx )Y = n(Y)AX — g(AX, V)¢, pAX = ApX ()
where A a symmetric linear transformation field.V denotes the
Riemannian connection of g on M. On a quasi-sasakian
manifold M. We have
Vyé = pAX _ (6)
Further, an almost contact metric manifold M on (¢, ¢,n, g) is
called nearly quasi Sasakian manifold if
Vx®)Y + (Vyp)X = n(V)AX +n(X)AY — 2g(AX,Y)E (7)
Now, a quarter symmetric metric connection V on M is
defined by
V¥ = Y + (V)X — g(@X,Y)E ®)
such that Vyg = 0. Using (1), (2) and (6) in (5) and (6), we
get respectively
(Vx )X = n(V)AX — g(AX,Y)E — g(X,Y)E+ (V)X (9)
In particular, an almost contact metric manifold M on
(¢, &,1m,g) is called nearly quasi-Sasakian manifold with
quarter symmetric metric connection if
(Vx )Y + (Vyp)X = n(Y)AX + n(X)AY — 29(AX,Y)E
—29X, V)¢ +nX)Y +n(¥)X  (10)
Now let M be a submanifold immersed in M. The Riemannian
metric induced on M is denoted by the same symbole g. Let
TM and T*M be the Lie algebras of vectors fields tangential
to M and normal to M respectively and V be the induced Levi-
Civita connection on M, then the Gauss and Weingraten
formulas are given by
VyY =Vy,Y + 4 (X,Y) (11)
VyN = —AyX + VxN + n(N)pX (12)
For any X,YeTM and Ne T+M, where V* is the connection
on the normal bundle T+ M, / is the second fundamental from
and Ay is the Weingraten map associated with N as

For any xeM and XeTy M, we write
X=PX+QX (14)
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where PXeD and QXeD*. similarly for N normal to M, we
have
N = BN + CN (15)

where BN (respectively CN) is the tangential component

(respectively normal component) of ¢N.

Definition 2.1 An m dimensional Riemannian submanifold

M of M is called a CR-submanifold of M if there exists a

differentiable distribution D:x — Dy on M satisfying the

following conditions:

(i) D isinvariant , that is ¢ Dy < Dy for each eM,

(i)  The complementary orthogonal distribution D+:X —
Dt © TyM of D is anti-invariant, that is, ¢Dy c T# M
for each xeM. If dimDg = 0, (respectly, dimDy = 0)
then the CR-submanifold is called an invariant
(respectly, anti-invariant) submanifold. The
distribution D (respectly, D*) is called the horizontal
(respectly, vertical) distribution. Also, the pair (D, D+)
is called &-horizontal (respectly, vertical) if &éyeDy
(respectly, £xeDy).

3. MAIN RESULTS
Lemma 3.1 If M be a CR-submanifold of a nearly quasi
Sasakian manifold with quarter symmetric metric connection
M, then
P(Vx®PY) + P(VypPX) — P(Apov X) — P(Agpox ¥)
= —2g(PAX,Y)P¢ + n(Y)PAX + n(X)PAY
+n(X)PY + n(Y)PX + ¢pPVyY
+¢PVyX — 2g(PX, PY)PE (16)
QVxdPY) + Q(7ydPX) = Q(AporX) — Q(AgoxY)
= 2Bh(X,Y) — 29(QAX,Y)Q¢ + n(Y)QAX
+n(X)QAY +n(X)QY +n(¥Y)QX
—29(QX, QY)Q¢ (17)
h(X,pPY) + /2 (Y, pPX) + V3 pQY + Vy QX
= pQVyX + PpQVxY + 2C/4 (X,Y)
forany X,YeTM.
Proof: Using (8), (9), and (11) we get
(Vxd)Y + ¢(Vx Y)Y + ph(X,Y)
= PVx(¢pPY) + QVx (pPY) — PAyoy X
—QAgor X + V¢ (9QY) + 4 (X, pPY)
Interchange X and Y in the above equation and adding each
other, using (5) and (12), we get
P(VxpPY) + P(Vy¢pPX) — PAyor X — PAgox Y
+Q(VxpPY) + Q(VydpPX) — QApor X
—QAgox Y + h(X,pPY) + h(Y,pPX) + Vi ¢pQY
+V#$QX = 2Bh(X,Y) + 2Ch(X,Y)
+n(Y)PAX + n(Y)QAX + n(X)PAY
+n(X)QPY — 2g(PAX,Y)P¢ — 2g(QAX,Y)Q¢
—2g(PX,PY)P¢ (19)
For any X,YeTM. Now equating horizontal, vertical, and
normal components in (19), we get the desired result.

Lemma 3.2 If M be a CR-submanifold of a nearly quasi
Sasakian manifold M with quarter symmetric metric
connection, then
2(Vyd)Y = Vy Y — VydpX + 4 (X, ¢Y)
-2, X)) — p[X, Y] + n(Y)AX + n(X)AY
 —2g(4X, )€ = ()X + (XY (20)
2(Vy )X = n(NAX + n(X)AY — 2g(AX,Y)¢
—29X, V)¢ + (V)X +n(X)Y — VxpY
+VydpX — 2 (X, pY) + £ (Y, dX) + P[X, Y] (21)
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Proof: From gauss formula (8), we have
VX¢Y - V}/(ﬁX = VX¢Y

+4 (X, pY) — VypX — 4 (Y, pX) (22)
Also we have
VoY — Vy X = (Vxp)Y
—(Vy@)X + ¢[X,Y] (23)

From (22) and (23), we get
(Vxd)Y — (Vyd)X = Vx @Y + /2 (X, $Y)
—Vy¢pX —h(Y, ¢X) — ¢[X, Y] (24)
Also for nearly quasi Sasakian manifold with quarter
symmetric metric connection, we have
(Vx )Y + (Vyd)X = n(Y)AX + n(X)AY
—29(X,Y)§ +n(Y)X + n(X)Y (25)
Adding (24) and (25), we get
2(Vy )Y = VyopY — Vy X + 42 (X, pY)
-2, pX) — p[X, Y]+ n(Y)AX + n(X)AY
—2g(AX, V)¢ —n(V)X +nCOY (20)
Subtracting (24) and (25), we get
2(Vy )X = n(V)AX + n(X)AY — 2g(AX, V)&
—29X, V)¢ +n(Y)X + n(X)Y — VxpY
+VypX — 2(X, V) + £ (Y, X)) + ¢p[X, Y] (21)
Lemma 3.3: If M be a CR-submanifold of a nearly quasi
Sasakian manifold M, with quarter symmetric metric
connection, then
2(Vy)Z = ApyZ — ApzY — V39Y + Vi dZ
—olY, Z] + n(2)AY + n(Y)AZ — 2g(AY, Z)¢
290, DE+n@Y + (V)2
2(V;0)Y = n(2)Y +n(Y)Z — 2g(AY, 2)§
—29(Y,2)¢ +n(2)AY +n(Y)AZ
+ApsY — AgyZ + VY — VEZ + $[Y, Z]
foranyY,Z e D*.
Proof. From Weingarten formula (13), we have
VY —VydZ = AyyZ — Az Y + Vi dZ — VidY  (26)
Also, we have
VY —Vy¢pZ = (Vy9)Z — (V)Y + ¢[Y, Z] (27)
From (26) and (27), we get
(Wwd)Z — (V)Y = AyyZ — Ay Y
+VEpZ — Vi — o[V, Z] (28)
Also for nearly quasi Sasakian manifold M, with quarter
symmetric metric connection then, we have
(Wy@)Z + (V7)Y = n(2)AY + n(Y)AZ — 2g(AY, Z)§
—29(Y,2)§+n@)Y +n(Y)z  (29)
Adding (28) and (29), we get
2(VyP)Z = ApyZ — AyzY — V59Y + Vi pZ
—olY,Z1 + n(2)AY + n(Y)AZ — 2g(AY,Z)¢
—29(Y,Z) +n(2)Y +n(¥)Z
Subtracting (3.13) from (3.14) we get
2(Vz)Y =n(2)Y +n(Y)Z — 2g(AY,Z2)§
—2g(Y,Z2)¢ + n(2)AY +n(Y)AZ
+AgzY — ApyZ + V5Y — Vi dZ + @[V, Z]
This proves our assertions.
Lemma 3.4 If M be a CR-submanifold of a nearly quasi
Sasakian manifold M, with quarter symmetric metric
connection, then
2(Vx )Y = n(Y)AX + n(X)AY — 2g(AX,Y)§
—29(X, )+ (X +n(X)Y — Ayy X + Vi Y
_ —WyéX - h(Y,$X) — P[X,Y]
2(Vyp)X = n(V)AX + n(X)AY — 2g(AX,Y)¢
29X, Né+n(MX +nX)Y + A¢YX — VigpY
+VypX + h(Y,pX) + ¢[X,Y]



forany X e Dand Y € D*.
Proof. By using Gauss equation and Weingarten equation for
X e Dand Y € D* respectively we get

VypY — VypX = —Ayy X + V5 @Y

—Vy¢pX — h(Y, 9pX) (30)

Also, we have

VxpY —VydpX = (Vx)Y — (Vyd)X + $[X, Y] (31)
From (30) and (31), we get

(Vxd)Y — (Vyp)X = —Ayy X + VxdY — VydpX

—h(Y,$X) = p[X,Y] (32)

Also for nearly quasi Sasakian manifold M, with quarter
symmetric metric connection, we have

(Vx )Y + (Vy @)X = n(Y)AX + n(X)AY — 2g(AX,Y)§

—29(X, V)¢ +nQOY + ()X (33)

Adding (32) and (33), we get

2(Vyp)Y =n(Y)AX + n(X)AY — 2g(AX,Y)E

29X, V)é+n(V)X +nX)Y — Agy X + VipY
—Vy¢X —h(Y,¢pX) — ¢[X, Y]

Subtracting (32) from (33) we get

2(Vy )X = n(Y)AX + n(X)AY — 2g(AX,Y)E

29X, )¢+ (VX +nX)Y + Agy X — VipY
+VypX + h(Y,pX) + ¢[X, Y]

Hence Lemma is proved.
4. PARALLEL DISTRIBUTIONS
Definition 4.1. The horizontal (respectly, vertical) distribution
D (respectly, D) is said to be parallel [1] with respect to the
connection on M if VyY e D (respectly, V,W e D*) for any
vector field X, Y e D (respectly, W,Z € D*).
Proposition 4.2. If M be a &-vertical CR-submanifold of a
nearly quasi Sasakian manifold M, with quarter symmetric
metric connection and the horizontal distribution D is parallel,
then

h(X,dY) = h(Y, pX) (34)
forall X, Y eD.
Proof. Using parallelism of horizontal distribution D, we
have

VydpY eD, Vy¢pXeD forany X, YeD. (35)
Thus using the fact that X = QY = 0forY e D, (17) gives

Bh(X,Y) = g(AX,Y)Q¢ forany X, YeD. (36)
Also, since

¢h(X,Y) = BR(X,Y) + Ch(X,Y), (37)
then

oh(X,Y) = g(AX,Y)Q¢& + Ch(X,Y) forany X, Ye D. (38)
Next from (18), we have
h(X,$Y) + h(Y,pX) = 2Ch(X,Y)
=2¢ph(X,Y) — 2g(AX,Y)Q¢ (39)
forany X, Y e D. Putting X = ¢X € D in (39), we get
h(¢pX,pY) + h(Y, p2X)

= 20h(pX, V) — 2g(ABX, V)QE (40)
or
—29(A¢X,Y)0Q¢ (39)

Similarly, putting Y = ¢Y € D in (37), we get
h(¢Y,dpX) — h(X,Y) = 2¢h(X, ¢Y)
—2g(AX, pY)QS. (40)
Hence from (39) and (40), we have
Ph(X, pY) — ph(Y, pX) = g(AX, ¢Y)QE

—g(ApX,Y)Q¢ (41)
Operating ¢ on both sides of (41) and using ¢& = 0, we get
h(X,¢Y) = h(Y, $X) (42)

forall X, YeD.
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Now, for the distribution D+, we prove the following
proposition.
Proposition 4.3. Let M be a &-vertical CR-submanifold of a
nearly quasi Sasakian manifold M, with quarter symmetric
metric connection. If the distribution D+ is parallel with
respect to the connection on M, then
AgyZ +AyzY € D* foranyY,Z e D*. (43)
Proof. Let Y,Z ¢ D* , then using Gauss and Weingarten
formula (10),
we obtain
—Ap;Y + VHPZ — ApyZ + V3 ¢Y = ¢pVyZ
+¢h(Y,Z) + ¢pV,Y + dh(Z,Y) + 2g(AY, 2)é
+n(NAZ +n(2)AY  (44)
for any Y,Z e D*. Taking inner product with X € D in (44),
we get
9(ApwZ,X) + g(BgzY. X) = g(VyZ, $X)
+9(VzY, $X) (45)
If the distribution D* is parallel, then V,Ze D! and
V,Y eD* forany Y,Z € D*.
So from (45) we get
9(ApyZ,X) + g(ApzY,X) =0

or g(AgyZ +AyY.X)=0 (46)
which is equivalent to
AgyZ +AyzY e D' forany Y,Z € D* 47

and this completes the proof.
Definition 4.4. A CR-submanifold M is said to be mixed
totally geodesic if h(X,Z) = 0for X e D and Z € D*.
The following lemma is an easy consequences of (10).
Lemma 4.5. If M be a CR-submanifold of a nearly quasi
Sasakian manifold M, with quarter symmetric metric
connection, then M is mixed if and only if AyXe D for all
XeD.
Definition 4.6. A normal vector field N # Ois called D-
parallel normal section if V¢ N = 0 for all Xe D.
Proposition 4.7 Let M be a mixed totally geodesic &-vertical
CR-submanifold M of a nearly quasi Sasakian manifold M,
with quarter symmetric metric connection. Then from normal
section N € ¢D* is D parallel if and only if Vy¢Ne D
for all Xe D.
Proof: Let N € ¢D* then from (17), we have
Q(Vy¢pX) = 0 foranyXeD,Y e Dt (48)
In particular, we have Q(VyX) = 0. By using it in (18), we
get
Vx QY = $pQVyX or VxN = —pQVxpN (49)
Thus if the normal section N # 0 is D-parallel, then uding
Definition 4 and (49), we get
$Q(VxpN) =0 (50)
Which is equivelent to Vy¢Ne D for all X e D. The converse
part easily follows from (49).
This complets the proof of the proposition.
5. Integrability conditions of distributions
Lemma 5.1. If M be a CR-submanifold of a nearly quasi
Sasakian manifold M, with quarter symmetric metric
connection, then
(Vox @)Y =n()AdX — 29(ApX,Y)§
—2g(¢X, V)¢ + n()PX — n(X)Vyé
+p(Vyd)(X) +n(VyX)E (51)
forany X,Y e TM.
Proof. For nearly quasi Sasakian manifold M, with quarter
symmetric metric connection, we have



(V@)Y = n()APX — 29(ApX,Y)§
—29(@X. ¢ +n()PX = (Vyr $)¢Y  (52)

and we have
(Vy )X = Vyp2X — p(VydpX) ~ ~
=Ty 92X — p(VydX) + $(dVyX) — p(dVy X)
= -V X +n(X)Vyé — ¢(VydX
WD) — @V X) _
(Vy )X =n(X)Vyé — p(Vyd)(X) —n(¢pVyX)S  (53)
by (53) in (52), we have
(Vox @)Y = n(V)ADX — 2g(AdX,V)E
—2g(@X,V)E +n(¥)pX —n(X)Vy&
+d(Vyd)(X) +n(VyX)E (54)
for any X,Y e TM, which completes the proof of the lemma.
On a nearly quasi Sasakian manifold M, with quarter
symmetric metric connection, Nijenhuis tensor is given by
No(X,Y) = (Vpx @)Y — (Vor $)X
—p(VxP)Y + o(Vyd)X (55)
forany X,Y e TM.
As of(51) and (55), we have
Ny (X,Y) = —n(Y)APX —n(X)A¢Y — 4g(ApX,Y)
—49(@X,Y)§ —n(Y)pX — 3n(X)pY —n(X)Vy¢
+n(Y)Vy§ +n(VyX)§ —n(VxY)E + 4¢(Vyd)X

Proposition 5.2. If M be a nearly quasi Sasakian manifold M,
with quarter symmetric metric connection, then
3(ApyZ — ApzY) = ¢P[Y, Z]
+3[M(Z2)(AY +Y) —n(Y)(AZ + Z)] (56)
forany Y,Z e D*.
Proof: ForY,Z e D* and X e T(M), we have
29(A42Y, X) = 2g(h(X,Y),$Z)
=gh(X,V),92) + gh(X,¥),¢2) _  (87)
=—g(VxoY,Z) — g(Vy9X, Z) + g(¢(Vx Y +VyX), Z)
The above equation is true for all X eT(M), therefore
transvecting the vector field X both sides, we have
244, = ApyZ — ¢VyZ + n(Y)AZ
+9(AY,2)é — 2n(2)AY = 2n(2)Y
+n(NZ + g(¥,2)§ (58)
for any Y, Z e D*. Interchanging the vector fields Y and Z, we
get
244y Z =AY — VY +n(2)AY
+9(AZ,Y)E = 2n(AZ — 2n(Y)Z
+1(2)Y + g(Z,Y)E (59)
Subtracting (58) and (59), we get
3(AgrZ — AyzY) = $P[Y, Z]
+3M(Z2)(AY +Y) —n(Y)(AZ + Z)] (60)
foranyY,Z e D*.
Theorem 5.3. If Mbe a CR-submanifold of a nearly quasi
Sasakian manifold M, with quarter symmetric metric
connection, then the distribution D* is integrable if and only if
(AprZ — ApzY) = (DAY +Y) —n(V)(AZ + 2)]  (61)
Proof: Primary suppose that the distribution D+ is integrable.
Then [Y,Z] e D for any Y,Z e Dt. Since P is a projection
operator on D, so P[Y,Z] = 0. Thus from (56) we get (61).
Conversely, we suppose that (61) holds. Then using (56), we
have ¢P[Y,Z] = 0 for any Y,Z e D*. Since rank ¢ = 2n.
Therefore, either P[Y,Z] = 0 or P[Y,Z] = k& But
P[Y,Z] = ké& isnot possible as P is a projection operator on
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D. Thus, P[Y,Z] = 0, which is equivalent to [Y,Z]e D* for
anyY,Z e D* and hence D* is integrable.

Corollary 5.4. If Mbe a &-horizontal CR-submanifold of a
nearly quasi Sasakian manifold M, with quarter symmetric
metric connection, then the distribution D+ is integrable if and
only if

ApyZ —AgzY =0 (62)
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