
 

1. INTRODUCTION 

In 1978, Bejancu introduced the nation of CR-submanifolds of 

a Kaehler manifolds [1]. Since then a number of authors 

extensively studied these submanifolds ([3],[4],[9],[10]). On 

the other hand, quasi Sasakian manifolds have been studied by 

Blair [8], Kanemaki [11], Tanno [19] and Rahman et. al  [12-

18]. Calin extensively studied integrability and geodesic 

property of the distribution of contact CR-submanifolds of 

quasi-Sasakian manifolds ([5],[6],[7]).  

The purpose of the present paper is to study the notion of CR-

submanifolds of a nearly quasi Sasakian manifold with the 

quarter-symmetric metric connection. The rest of this paper is 

organised as follows. In section 2 we recall some results and 

formula for the latter use. In section 3 we prove some basic 

lemma about CR-submanifold of a nearly quasi Sasakian 

manifold with the quarter-symmetric metric connection. In 

section 4 we study parallel distributing relating to 𝜉-verticle 

CR-submanifold of a nearly quasi Sasakian manifold with the 

quarter-symmetric metric connection. In section 5 we obtain 

Integrability conditions of distribution on CR-submanifold of 

a nearly quasi Sasakian manifold with the quarter-symmetric 

metric connection. 

 

2.  PRELIMINARIES 

Let 𝑀  be a real 2n+1 dimensional differentiable manifold, 

endowed with an almost contact metric structure 

(𝜙, 𝜉, 𝜂, 𝑔). then we have from [9] 

     𝜙2 = −𝐼 + 𝜂⨂𝜉,  𝜂(𝑋) = 𝑔(𝑋, 𝜉)                                 (1)  

     𝜂 𝜉 = 1,        𝜂𝜊𝜙 = 0,        𝜙(𝜉) = 0                          (2) 

     𝑔 𝜙𝑋, 𝜙𝑌 = 𝑔 𝑋, 𝑌 − 𝜂 𝑋 𝜂(𝑌)                                (3) 

For any vector field 𝑋, 𝑌 tanjent to 𝑀  , where 𝐼 is the identity 

on the tanjent bundle Γ𝑀  of 𝑀 . In this case  

     𝑔 𝜙𝑋, 𝑌 = −𝑔(𝑋, 𝜙𝑌)                                                  (4) 
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An almost contact metric structure (𝜙, 𝜉, 𝜂, 𝑔) on 𝑀  is called 

quasi –sasakian manifold if 

     (∇ 𝑋𝜙)𝑌 = 𝜂 𝑌 𝐴𝑋 − 𝑔 𝐴𝑋, 𝑌 𝜉, 𝜙𝐴𝑋 = 𝐴𝜙𝑋            (5) 

where 𝐴 a symmetric linear transformation field.∇  denotes the 

Riemannian connection of 𝑔 on 𝑀 . On a quasi-sasakian 

manifold 𝑀 . We have  

      ∇ 𝑋𝜉 = 𝜙𝐴𝑋                                                                    (6) 

Further, an almost contact metric manifold 𝑀  on (𝜙, 𝜉, 𝜂, 𝑔) is 

called nearly  quasi Sasakian manifold if  

   (∇ 𝑋𝜙)𝑌 +  ∇ 𝑌𝜙 𝑋 = 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌 − 2𝑔(𝐴𝑋, 𝑌)𝜉 (7) 

Now, a quarter symmetric metric connection  ∇   on 𝑀  is 

defined by  

       ∇ 𝑋𝑌 = ∇X𝑌 + 𝜂 𝑌 𝜙𝑋 − 𝑔(𝜙𝑋, 𝑌)𝜉                             (8) 

such that ∇ 𝑋𝑔 = 0. Using (1), (2) and (6) in (5) and (6), we 

get respectively  

     ∇ 𝑋𝜙 𝑋 = 𝜂 𝑌 𝐴𝑋 − 𝑔 𝐴𝑋, 𝑌 𝜉 − 𝑔(𝑋, 𝑌)𝜉 + 𝜂 𝑌 𝑋   (9) 

In particular, an almost contact metric manifold 𝑀  on 

(𝜙, 𝜉, 𝜂, 𝑔) is called nearly quasi-Sasakian manifold with 

quarter symmetric metric connection if  

      ∇ 𝑋𝜙 𝑌 +  ∇ 𝑌𝜙 𝑋 = 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌 − 2𝑔 𝐴𝑋, 𝑌 𝜉  

                                     −2𝑔 𝑋, 𝑌 𝜉 + 𝜂 𝑋 𝑌 + 𝜂 𝑌 𝑋      (10)  

Now let 𝑀 be a submanifold immersed in 𝑀 . The Riemannian 

metric induced on 𝑀 is denoted by the same symbole 𝑔. Let 

𝑇𝑀 and 𝑇⊥𝑀 be the Lie algebras of vectors fields tangential 

to 𝑀 and normal to 𝑀 respectively and ∇ be the induced Levi-

Civita connection on 𝑀,  then the Gauss and Weingraten 

formulas are given by 

      ∇ 𝑋𝑌 = ∇𝑋𝑌 + 𝑕 (𝑋, 𝑌)                                                  (11) 

       ∇ 𝑋𝑁 = −𝐴𝑁𝑋 + ∇X
⊥𝑁 + 𝜂(𝑁)𝜙𝑋                                (12) 

For any 𝑋, 𝑌𝜖𝑇𝑀 and  𝑁𝜖 𝑇⊥𝑀, where ∇⊥  is the connection 

on the normal bundle 𝑇⊥𝑀, 𝑕  is the second fundamental from 

and 𝐴𝑁  is the Weingraten map associated with 𝑁 as  

            𝑔(𝐴𝑁𝑋, 𝑌) = 𝑔(𝑕  𝑋, 𝑌 , 𝑁)                                   (13) 

For any  𝑥𝜖𝑀 and 𝑋𝜖𝑇𝑋𝑀, we write  

                      𝑋 = 𝑃𝑋 + 𝑄𝑋                                                (14) 
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where 𝑃𝑋𝜖𝐷 and 𝑄𝑋𝜖𝐷⊥ . similarly for 𝑁 normal to 𝑀, we 

have  

               𝜙𝑁 = 𝐵𝑁 + 𝐶𝑁                                                  (15) 

where  𝐵𝑁 (respectively 𝐶𝑁) is the tangential component 

(respectively normal component) of 𝜙𝑁. 

Definition 2.1 An  𝑚 dimensional Riemannian submanifold 

𝑀 of 𝑀  is called a CR-submanifold of 𝑀 if there exists a 

differentiable distribution 𝐷: 𝑥 → 𝐷𝑋  on 𝑀 satisfying the 

following conditions: 

(i) 𝐷 is invariant , that is 𝜙𝐷𝑋 ⊂ 𝐷𝑋  for each  𝜖𝑀, 
(ii) The complementary orthogonal distribution 𝐷⊥: 𝑋 →

𝐷𝑋
⊥ ⊂ 𝑇𝑋𝑀 𝑜𝑓  𝐷 is anti-invariant, that is, 𝜙𝐷𝑋

⊥ ⊂ 𝑇𝑋
⊥𝑀 

for each  𝑥𝜖𝑀. If 𝑑𝑖𝑚𝐷𝑋
⊥ = 0,  (respectly, 𝑑𝑖𝑚𝐷𝑋 = 0) 

then the CR-submanifold is called an invariant 

(respectly, anti-invariant) submanifold. The 

distribution 𝐷 (respectly, 𝐷⊥) is called the horizontal 

(respectly, vertical) distribution. Also, the pair (𝐷, 𝐷⊥) 

is called  𝜉-horizontal (respectly, vertical) if  𝜉𝑋𝜖𝐷𝑋  

(respectly, 𝜉𝑋𝜖𝐷𝑋
⊥).  

 

3. MAIN RESULTS 

Lemma 3.1 If  𝑀 be a CR-submanifold of a nearly quasi 

Sasakian manifold with quarter symmetric metric connection 

𝑀 , then  

     𝑃(∇ 𝑋𝜙𝑃𝑌) + 𝑃(∇ 𝑌𝜙𝑃𝑋) − 𝑃(𝐴𝜙𝑄𝑌 𝑋) − 𝑃(𝐴𝜙𝑄𝑋 𝑌)  

                 = −2𝑔 𝑃𝐴𝑋, 𝑌 𝑃𝜉 + 𝜂 𝑌 𝑃𝐴𝑋 + 𝜂 𝑋 𝑃𝐴𝑌 

                  +𝜂 𝑋 𝑃𝑌 + 𝜂 𝑌 𝑃𝑋 + 𝜙𝑃∇𝑋𝑌 

                  +𝜙𝑃∇𝑌𝑋 − 2𝑔 𝑃𝑋, 𝑃𝑌 𝑃𝜉                             (16) 

      𝑄 𝛻𝑋𝜙𝑃𝑌 + 𝑄 𝛻𝑌𝜙𝑃𝑋 − 𝑄 𝐴𝜙𝑄𝑌𝑋 − 𝑄(𝐴𝜙𝑄𝑋𝑌) 

                 = 2𝐵𝑕 𝑋, 𝑌 − 2𝑔 𝑄𝐴𝑋, 𝑌 𝑄𝜉 + 𝜂 𝑌 𝑄𝐴𝑋 

+𝜂 𝑋 𝑄𝐴𝑌 + 𝜂 𝑋 𝑄𝑌 + 𝜂 𝑌 𝑄𝑋 

                       −2𝑔 𝑄𝑋, 𝑄𝑌 𝑄𝜉                                        (17) 

      𝑕 𝑋, 𝜙𝑃𝑌 + 𝑕  𝑌, 𝜙𝑃𝑋 + ∇𝑋
⊥𝜙𝑄𝑌 + ∇𝑌

⊥𝜙𝑄𝑋  

               = 𝜙𝑄∇Y𝑋 + 𝜙𝑄∇X𝑌 + 2𝐶𝑕 (𝑋, 𝑌)  

for any 𝑋, 𝑌𝜖𝑇𝑀.   

Proof: Using (8), (9), and (11) we get 

         ∇ 𝑋𝜙 𝑌 + 𝜙 ∇𝑋𝑌 𝑌 + 𝜙𝑕 𝑋, 𝑌   

           = 𝑃𝛻𝑋 𝜙𝑃𝑌 + 𝑄𝛻𝑋 𝜙𝑃𝑌 − 𝑃𝐴𝜙𝑄𝑌 𝑋  

                 −𝑄𝐴𝜙𝑄𝑌 𝑋 + 𝛻𝑋
⊥ 𝜙𝑄𝑌 + 𝑕  𝑋, 𝜙𝑃𝑌    

Interchange 𝑋 and 𝑌 in the above equation and adding each 

other, using (5) and (12), we get  

        𝑃 𝛻𝑋𝜙𝑃𝑌 + 𝑃 𝛻𝑌𝜙𝑃𝑋 − 𝑃𝐴𝜙𝑄𝑌 𝑋 − 𝑃𝐴𝜙𝑄𝑋 𝑌  

                    +𝑄 𝛻𝑋𝜙𝑃𝑌 + 𝑄 𝛻𝑌𝜙𝑃𝑋 − 𝑄𝐴𝜙𝑄𝑌 𝑋 

−𝑄𝐴𝜙𝑄𝑋 𝑌 + 𝑕 𝑋, 𝜙𝑃𝑌 + 𝑕 𝑌, 𝜙𝑃𝑋 + 𝛻𝑋
⊥𝜙𝑄𝑌 

+𝛻𝑌
⊥𝜙𝑄𝑋 = 2𝐵𝑕 𝑋, 𝑌 + 2𝐶𝑕 𝑋, 𝑌  

+𝜂 𝑌 𝑃𝐴𝑋 + 𝜂 𝑌 𝑄𝐴𝑋 + 𝜂 𝑋 𝑃𝐴𝑌 

           +𝜂 𝑋 𝑄𝑃𝑌 − 2𝑔 𝑃𝐴𝑋, 𝑌 𝑃𝜉 − 2𝑔 𝑄𝐴𝑋, 𝑌 𝑄𝜉  

                  −2𝑔 𝑃𝑋, 𝑃𝑌 𝑃𝜉                                                (19) 

For any X, YϵTM. Now equating horizontal, vertical, and 

normal components in (19), we get the desired result.  

 

Lemma 3.2  If M be a CR-submanifold of a nearly quasi 

Sasakian manifold M  with quarter symmetric metric 

connection, then  

      2 ∇ 𝑋𝜙 𝑌 = ∇X𝜙𝑌 − ∇Y𝜙𝑋 + 𝑕  𝑋, 𝜙𝑌   

        −𝑕  𝑌, 𝜙𝑋 − 𝜙 𝑋, 𝑌 + 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌  

          −2𝑔 𝐴𝑋, 𝑌 𝜉 − 𝜂 𝑌 𝑋 + 𝜂 𝑋 𝑌                           (20) 

      2 ∇ 𝑌𝜙 𝑋 = 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌 − 2𝑔 𝐴𝑋, 𝑌 𝜉 

−2𝑔 𝑋, 𝑌 𝜉 + 𝜂 𝑌 𝑋 + 𝜂 𝑋 𝑌 − ∇X𝜙𝑌 

      +∇Y𝜙𝑋 − 𝑕  𝑋, 𝜙𝑌 +  𝑕  𝑌, 𝜙𝑋 + 𝜙[𝑋, 𝑌]       (21) 

Proof: From gauss formula (8), we have  

     ∇ 𝑋𝜙𝑌 − ∇ 𝑌𝜙𝑋 = ∇ 𝑋𝜙𝑌  

                   +𝑕  𝑋, 𝜙𝑌 − ∇Y𝜙𝑋 − 𝑕 (𝑌, 𝜙𝑋)                    (22) 

Also we have  

     ∇ 𝑋𝜙𝑌 − ∇ 𝑌𝜙𝑋 =  ∇ 𝑋𝜙 𝑌 

                  − ∇ 𝑌𝜙 𝑋 + 𝜙[𝑋, 𝑌]                                   (23) 

From (22) and (23), we get 

      ∇ 𝑋𝜙 𝑌 −  ∇ 𝑌𝜙 𝑋 = ∇𝑋 𝜙𝑌 + 𝑕  𝑋, 𝜙𝑌  

                −∇Y𝜙X − h(Y, 𝜙X) − 𝜙[X, Y]                        (24)      

Also for nearly quasi Sasakian manifold with quarter 

symmetric metric connection, we have  

     (∇ 𝑋𝜙)𝑌 +  ∇ 𝑌𝜙 𝑋 = 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌  

           −2𝑔 𝑋, 𝑌 𝜉 + 𝜂 𝑌 𝑋 + 𝜂 𝑋 𝑌                      (25) 

Adding (24) and (25), we get 

      2 ∇ 𝑋𝜙 𝑌 = ∇X𝜙𝑌 − ∇Y𝜙𝑋 + 𝑕  𝑋, 𝜙𝑌   

        −𝑕  𝑌, 𝜙𝑋 − 𝜙 𝑋, 𝑌 + 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌 

          −2𝑔 𝐴𝑋, 𝑌 𝜉 − 𝜂 𝑌 𝑋 + 𝜂 𝑋 𝑌                    (20) 

Subtracting (24) and (25), we get 

      2 ∇ 𝑌𝜙 𝑋 = 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌 − 2𝑔 𝐴𝑋, 𝑌 𝜉 

−2𝑔 𝑋, 𝑌 𝜉 + 𝜂 𝑌 𝑋 + 𝜂 𝑋 𝑌 − ∇X𝜙𝑌 

      +∇Y𝜙𝑋 − 𝑕  𝑋, 𝜙𝑌 +  𝑕  𝑌, 𝜙𝑋 + 𝜙[𝑋, 𝑌]    (21) 

Lemma 3.3:  If M be a CR-submanifold of a nearly quasi 

Sasakian manifold 𝑀 , with quarter symmetric metric 

connection, then  

     2 ∇ 𝑌𝜙 𝑍 = 𝐴𝜙𝑌𝑍 − 𝐴𝜙𝑍𝑌 − ∇𝑍
⊥𝜙𝑌 + ∇𝑌

⊥𝜙𝑍  

                    −𝜙 𝑌, 𝑍 + 𝜂 𝑍 𝐴𝑌 + 𝜂 𝑌 𝐴𝑍 − 2𝑔 𝐴𝑌, 𝑍 𝜉  

                    −2𝑔 𝑌, 𝑍 𝜉 + 𝜂 𝑍 𝑌 + 𝜂 𝑌 𝑍   

      2 ∇ 𝑍𝜙 𝑌 = 𝜂 𝑍 𝑌 + 𝜂 𝑌 𝑍 − 2𝑔 𝐴𝑌, 𝑍 𝜉  

                       −2𝑔 𝑌, 𝑍 𝜉 + 𝜂 𝑍 𝐴𝑌 + 𝜂 𝑌 𝐴𝑍  

                      + 𝐴𝜙𝑍𝑌 − 𝐴𝜙𝑌𝑍 + ∇𝑍
⊥𝜙𝑌 − ∇𝑌

⊥𝜙𝑍 + 𝜙 𝑌, 𝑍   

for any 𝑌, 𝑍 𝜖 𝐷⊥. 

Proof. From Weingarten formula (13), we have 

     ∇ 𝑍𝜙𝑌 − ∇ 𝑌𝜙𝑍 = 𝐴𝜙𝑌𝑍 − 𝐴𝜙𝑍𝑌 + ∇𝑌
⊥𝜙𝑍 − ∇𝑍

⊥𝜙𝑌    (26) 

Also, we have 

     ∇ 𝑍𝜙𝑌 − ∇ 𝑌𝜙𝑍 =  ∇ 𝑌𝜙 𝑍 −  ∇ 𝑍𝜙 𝑌 + 𝜙 𝑌, 𝑍          (27) 

From (26) and (27), we get 

      ∇ 𝑌𝜙 𝑍 −  ∇ 𝑍𝜙 𝑌 = 𝐴𝜙𝑌𝑍 − 𝐴𝜙𝑍𝑌 

                         +∇𝑌
⊥𝜙𝑍 − ∇𝑍

⊥𝜙 − 𝜙 𝑌, 𝑍                         (28) 

Also for nearly quasi Sasakian manifold 𝑀 , with quarter 

symmetric metric connection then, we have 

      ∇ 𝑌𝜙 𝑍 +  ∇ 𝑍𝜙 𝑌 = 𝜂 𝑍 𝐴𝑌 + 𝜂 𝑌 𝐴𝑍 − 2𝑔 𝐴𝑌, 𝑍 𝜉  

                                 −2𝑔 𝑌, 𝑍 𝜉 + 𝜂 𝑍 𝑌 + 𝜂 𝑌 𝑍        (29)   

Adding (28) and (29), we get 

     2 ∇ 𝑌𝜙 𝑍 = 𝐴𝜙𝑌𝑍 − 𝐴𝜙𝑍𝑌 − ∇𝑍
⊥𝜙𝑌 + ∇𝑌

⊥𝜙𝑍  

                    −𝜙 𝑌, 𝑍 + 𝜂 𝑍 𝐴𝑌 + 𝜂 𝑌 𝐴𝑍 − 2𝑔 𝐴𝑌, 𝑍 𝜉  

                    −2𝑔 𝑌, 𝑍 𝜉 + 𝜂 𝑍 𝑌 + 𝜂 𝑌 𝑍   
Subtracting (3.13) from (3.14) we get 

      2 ∇ 𝑍𝜙 𝑌 = 𝜂 𝑍 𝑌 + 𝜂 𝑌 𝑍 − 2𝑔 𝐴𝑌, 𝑍 𝜉  

                       −2𝑔 𝑌, 𝑍 𝜉 + 𝜂 𝑍 𝐴𝑌 + 𝜂 𝑌 𝐴𝑍  

                      + 𝐴𝜙𝑍𝑌 − 𝐴𝜙𝑌𝑍 + ∇𝑍
⊥𝜙𝑌 − ∇𝑌

⊥𝜙𝑍 + 𝜙 𝑌, 𝑍  

This proves our assertions. 

Lemma 3.4 If 𝑀 be a CR-submanifold of a nearly quasi 

Sasakian manifold 𝑀 , with quarter symmetric metric 

connection, then 

     2 ∇ 𝑋𝜙 𝑌 = 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌 − 2𝑔 𝐴𝑋, 𝑌 𝜉 

−2𝑔 𝑋, 𝑌 𝜉 + 𝜂 𝑌 𝑋 + 𝜂 𝑋 𝑌 − A𝜙𝑌𝑋 + ∇𝑋
⊥𝜙𝑌 

               −∇𝑌𝜙𝑋 − 𝑕 𝑌, 𝜙𝑋 − 𝜙 𝑋, 𝑌  
     2 ∇ 𝑌𝜙 𝑋 = 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌 − 2𝑔 𝐴𝑋, 𝑌 𝜉 

−2𝑔 𝑋, 𝑌 𝜉 + 𝜂 𝑌 𝑋 + 𝜂 𝑋 𝑌 + A𝜙𝑌𝑋 − ∇𝑋
⊥𝜙𝑌 

               +∇𝑌𝜙𝑋 + 𝑕 𝑌, 𝜙𝑋 + 𝜙 𝑋, 𝑌   
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for any 𝑋 𝜖 𝐷and 𝑌 𝜖 𝐷⊥. 

Proof. By using Gauss equation and Weingarten equation for 

𝑋 𝜖 𝐷and 𝑌 𝜖 𝐷⊥ respectively we get 

    ∇ 𝑋𝜙𝑌 − ∇ 𝑌𝜙𝑋 = −𝐴𝜙𝑌𝑋 + ∇𝑋
⊥𝜙𝑌 

                             −∇𝑌𝜙𝑋 − 𝑕 𝑌, 𝜙𝑋                                 (30) 

Also, we have 

    ∇ 𝑋𝜙𝑌 − ∇ 𝑌𝜙𝑋 =  ∇ 𝑋𝜙 𝑌 −  ∇ 𝑌𝜙 𝑋 + 𝜙 𝑋, 𝑌            (31) 

From (30) and (31), we get 

      ∇ 𝑋𝜙 𝑌 −  ∇ 𝑌𝜙 𝑋 = −𝐴𝜙𝑌𝑋 + ∇𝑋
⊥𝜙𝑌 − ∇𝑌𝜙𝑋 

                             −𝑕 𝑌, 𝜙𝑋 − 𝜙 𝑋, 𝑌                             (32) 

Also for nearly quasi Sasakian manifold 𝑀 , with quarter 

symmetric metric connection, we have 

      ∇ 𝑋𝜙 𝑌 +  ∇ 𝑌𝜙 𝑋 = 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌 − 2𝑔 𝐴𝑋, 𝑌 𝜉  

                                     −2𝑔 𝑋, 𝑌 𝜉 + 𝜂 𝑋 𝑌 + 𝜂 𝑌 𝑋     (33)  

Adding (32) and (33), we get 

     2 ∇ 𝑋𝜙 𝑌 = 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌 − 2𝑔 𝐴𝑋, 𝑌 𝜉 

−2𝑔 𝑋, 𝑌 𝜉 + 𝜂 𝑌 𝑋 + 𝜂 𝑋 𝑌 − A𝜙𝑌𝑋 + ∇𝑋
⊥𝜙𝑌 

               −∇𝑌𝜙𝑋 − 𝑕 𝑌, 𝜙𝑋 − 𝜙 𝑋, 𝑌  
Subtracting (32) from (33) we get 

     2 ∇ 𝑌𝜙 𝑋 = 𝜂 𝑌 𝐴𝑋 + 𝜂 𝑋 𝐴𝑌 − 2𝑔 𝐴𝑋, 𝑌 𝜉 

−2𝑔 𝑋, 𝑌 𝜉 + 𝜂 𝑌 𝑋 + 𝜂 𝑋 𝑌 + A𝜙𝑌𝑋 − ∇𝑋
⊥𝜙𝑌 

               +∇𝑌𝜙𝑋 + 𝑕 𝑌, 𝜙𝑋 + 𝜙 𝑋, 𝑌   
Hence Lemma is proved. 

4. PARALLEL DISTRIBUTIONS 
Definition 4.1. The horizontal (respectly, vertical) distribution 

𝐷 (respectly, 𝐷⊥) is said to be parallel [1] with respect to the 

connection on 𝑀 if ∇𝑋𝑌 𝜖 𝐷 (respectly, ∇𝑍𝑊 𝜖 𝐷⊥) for any 

vector field 𝑋, 𝑌 𝜖 𝐷 (respectly, 𝑊, 𝑍 𝜖 𝐷⊥). 

Proposition 4.2.  If 𝑀 be a 𝜉-vertical CR-submanifold of a 

nearly quasi Sasakian manifold 𝑀 , with quarter symmetric 

metric connection and the horizontal distribution 𝐷 is parallel, 

then 

     𝑕 𝑋, 𝜙𝑌 = 𝑕 𝑌, 𝜙𝑋                                                      (34) 

for all 𝑋, 𝑌 𝜖 𝐷. 

Proof. Using parallelism of horizontal distribution  𝐷, we 

have 

     ∇𝑋𝜙𝑌 𝜖 𝐷, ∇𝑌𝜙𝑋 𝜖 𝐷    for any 𝑋, 𝑌 𝜖 𝐷.                     (35) 

Thus using the fact that 𝑋 =  𝑄𝑌 =  0 for 𝑌 𝜖 𝐷, (17) gives 

     𝐵𝑕 𝑋, 𝑌 = 𝑔 𝐴𝑋, 𝑌 𝑄𝜉   for any 𝑋, 𝑌 𝜖 𝐷.                 (36) 

Also, since  

     𝜙𝑕 𝑋, 𝑌 = 𝐵𝑕 𝑋, 𝑌 + 𝐶𝑕 𝑋, 𝑌 ,                                 (37) 

then 

𝜙𝑕 𝑋, 𝑌 = 𝑔 𝐴𝑋, 𝑌 𝑄𝜉 + 𝐶𝑕 𝑋, 𝑌  for any 𝑋, 𝑌 𝜖 𝐷.   (38) 

Next from (18), we have 

     𝑕 𝑋, 𝜙𝑌 + 𝑕 𝑌, 𝜙𝑋 = 2𝐶𝑕 𝑋, 𝑌  

                          = 2𝜙𝑕 𝑋, 𝑌 − 2𝑔 𝐴𝑋, 𝑌 𝑄𝜉                  (39) 

for any 𝑋, 𝑌 𝜖 𝐷. Putting  𝑋 = 𝜙𝑋 𝜖 𝐷 in (39), we get 

     𝑕 𝜙𝑋, 𝜙𝑌 + 𝑕 𝑌, 𝜙2𝑋  
                    = 2𝜙𝑕 𝜙𝑋, 𝑌 − 2𝑔 𝐴𝜙𝑋, 𝑌 𝑄𝜉                  (40) 

or  

     𝑕 𝜙𝑋, 𝜙𝑌 − 𝑕 𝑌, 𝑋 = 2𝜙𝑕 𝜙𝑋, 𝑌  

                               −2𝑔 𝐴𝜙𝑋, 𝑌 𝑄𝜉                                  (39) 

Similarly, putting 𝑌 = 𝜙𝑌 𝜖 𝐷 in (37), we get 

    𝑕 𝜙𝑌, 𝜙𝑋 − 𝑕 𝑋, 𝑌 = 2𝜙𝑕 𝑋, 𝜙𝑌  

                            −2𝑔 𝐴𝑋, 𝜙𝑌 𝑄𝜉.                                    (40) 

Hence from (39) and (40), we have 

     𝜙𝑕 𝑋, 𝜙𝑌 − 𝜙𝑕 𝑌, 𝜙𝑋 = 𝑔 𝐴𝑋, 𝜙𝑌 𝑄𝜉 

                                        −𝑔 𝐴𝜙𝑋, 𝑌 𝑄𝜉                           (41) 

Operating 𝜙 on both sides of (41) and using 𝜙𝜉 = 0, we get 

     𝑕 𝑋, 𝜙𝑌 = 𝑕 𝑌, 𝜙𝑋                                                     (42) 

for all 𝑋, 𝑌 𝜖 𝐷. 

Now, for the distribution 𝐷⊥, we prove the following 

proposition. 

Proposition 4.3. Let 𝑀 be a 𝜉-vertical CR-submanifold of a 

nearly quasi Sasakian manifold 𝑀 , with quarter symmetric 

metric connection. If the distribution 𝐷⊥  is parallel with 

respect to the connection on 𝑀, then 

      A𝜙𝑌𝑍 + A𝜙𝑍𝑌  𝜖  𝐷⊥    for any 𝑌, 𝑍  𝜖  𝐷⊥.                    (43) 

Proof. Let 𝑌, 𝑍  𝜖  𝐷⊥  , then using Gauss and Weingarten 

formula (10), 

we obtain 

      −A𝜙𝑍𝑌 + ∇𝑌
⊥𝜙𝑍 − A𝜙𝑌𝑍 + ∇𝑍

⊥𝜙𝑌 = 𝜙∇𝑌𝑍 

          +𝜙𝑕 𝑌, 𝑍 + 𝜙∇𝑍𝑌 + 𝜙𝑕 𝑍, 𝑌 + 2𝑔 𝐴𝑌, 𝑍 𝜉   

                                                   +𝜂 𝑌 𝐴𝑍 + 𝜂(𝑍)𝐴𝑌        (44) 

for any 𝑌, 𝑍  𝜖  𝐷⊥. Taking inner product with 𝑋 𝜖 𝐷 in (44), 

we get 

    𝑔 A𝜙𝑌𝑍, 𝑋 + 𝑔 A𝜙𝑍𝑌, 𝑋 = 𝑔 ∇𝑌𝑍, 𝜙𝑋  

                                                          +𝑔 ∇𝑍𝑌, 𝜙𝑋              (45) 

If the distribution 𝐷⊥  is parallel, then ∇𝑌𝑍 𝜖 𝐷⊥  and 

∇𝑍𝑌 𝜖 𝐷⊥ , for any  𝑌, 𝑍  𝜖  𝐷⊥. 

So from (45) we get 

       𝑔 A𝜙𝑌𝑍, 𝑋 + 𝑔 A𝜙𝑍𝑌, 𝑋 = 0    

or    𝑔 A𝜙𝑌𝑍 + A𝜙𝑍𝑌, 𝑋 = 0                                            (46) 

which is equivalent to 

     A𝜙𝑌𝑍 + A𝜙𝑍𝑌 𝜖 𝐷⊥ for any  𝑌, 𝑍  𝜖  𝐷⊥                        (47) 

and this completes the proof. 

Definition 4.4. A CR-submanifold 𝑀 is said to be mixed 

totally geodesic if 𝑕(𝑋, 𝑍)  =  0 for 𝑋 𝜖 𝐷 and 𝑍 𝜖 𝐷⊥ . 
The following lemma is an easy consequences of (10). 

Lemma 4.5. If 𝑀 be a CR-submanifold of a nearly quasi 

Sasakian manifold 𝑀 , with quarter symmetric metric 

connection, then 𝑀 is mixed if and only if 𝐴𝑁𝑋𝜖 𝐷  for all 

𝑋𝜖 𝐷. 

Definition 4.6. A normal vector field 𝑁 ≠ 0is called 𝐷-

parallel normal section if ∇𝑋
⊥𝑁 = 0 for all  𝑋𝜖 𝐷. 

Proposition 4.7 Let 𝑀 be a mixed totally geodesic 𝜉-vertical 

CR-submanifold 𝑀 of a nearly quasi Sasakian manifold 𝑀 , 

with quarter symmetric metric connection. Then from normal 

section 𝑁 𝜖 𝜙𝐷⊥  is 𝐷 parallel if and only if ∇𝑋𝜙𝑁𝜖 𝐷  

for all 𝑋𝜖 𝐷. 

Proof: Let 𝑁 𝜖 𝜙𝐷⊥  then from (17), we have 

        𝑄( ∇𝑌𝜙𝑋)  =  0   for any 𝑋 𝜖 𝐷, 𝑌 𝜖 𝐷⊥                       (48) 

In particular, we have 𝑄( ∇𝑌𝑋)  =  0. By using it in (18), we 

get 

         ∇𝑋
⊥𝜙𝑄𝑌 = 𝜙𝑄∇𝑌𝑋  or ∇𝑋

⊥𝑁 = −𝜙𝑄∇𝑋𝜙𝑁                (49) 

Thus if the normal section 𝑁 ≠ 0 is 𝐷-parallel, then uding 

Definition 4 and (49), we get  

       𝜙𝑄(∇𝑋𝜙𝑁) = 0                                                           (50) 

Which is equivelent to ∇𝑋𝜙𝑁𝜖 𝐷 for all 𝑋 𝜖 𝐷. The converse 

part easily follows from (49). 

This complets the proof of the proposition.  

5. Integrability conditions of distributions 

Lemma 5.1. If  𝑀 be a CR-submanifold of a nearly quasi 

Sasakian manifold 𝑀 , with quarter symmetric metric 

connection, then 

         ∇ 𝜙𝑋𝜙 𝑌 = 𝜂 𝑌 𝐴𝜙𝑋 − 2𝑔 𝐴𝜙𝑋, 𝑌 𝜉 

                        −2𝑔 𝜙𝑋, 𝑌 𝜉 + 𝜂 𝑌 𝜙𝑋 − 𝜂 𝑋 ∇ 𝑌𝜉  

                        +𝜙 ∇ 𝑌𝜙  𝑋 + 𝜂(∇ 𝑌𝑋)𝜉                           (51)  

for any 𝑋, 𝑌 𝜖 𝑇𝑀. 

Proof. For nearly quasi Sasakian manifold 𝑀 , with quarter 

symmetric metric connection, we have  
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     ∇ 𝜙𝑋 𝜙 𝑌 = 𝜂 𝑌 𝐴𝜙𝑋 − 2𝑔 𝐴𝜙𝑋, 𝑌 𝜉 

                        −2𝑔 𝜙𝑋, 𝑌 𝜉 + 𝜂 𝑌 𝜙𝑋 −  ∇ 𝜙𝑌𝜙 𝜙𝑌      (52) 

 

and we have 

      ∇ 𝑌𝜙 𝜙𝑋 = ∇ 𝑌𝜙
2𝑋 − 𝜙 ∇ 𝑌𝜙𝑋  

                      = ∇ 𝑌𝜙2𝑋 − 𝜙 ∇ 𝑌𝜙𝑋 + 𝜙 𝜙∇ 𝑌𝑋 − 𝜙 𝜙∇ 𝑌𝑋   

                 = −∇ 𝑌𝑋 + 𝜂 𝑋 ∇ 𝑌𝜉 − 𝜙(∇ 𝑌𝜙𝑋 

                    −𝜙∇ 𝑌𝑋) − 𝜙 𝜙∇ 𝑌𝑋     

      ∇ 𝑌𝜙 𝜙𝑋 = 𝜂 𝑋 ∇ 𝑌𝜉 − 𝜙 ∇ 𝑌𝜙  𝑋 − 𝜂 𝜙∇ 𝑌𝑋 𝜉     (53) 

by (53) in (52), we have 

         ∇ 𝜙𝑋𝜙 𝑌 = 𝜂 𝑌 𝐴𝜙𝑋 − 2𝑔 𝐴𝜙𝑋, 𝑌 𝜉 

                        −2𝑔 𝜙𝑋, 𝑌 𝜉 + 𝜂 𝑌 𝜙𝑋 − 𝜂 𝑋 ∇ 𝑌𝜉  

                        +𝜙 ∇ 𝑌𝜙  𝑋 + 𝜂(∇ 𝑌𝑋)𝜉                           (54) 

for any 𝑋, 𝑌 𝜖 𝑇𝑀, which completes the proof of the lemma. 

On a nearly quasi Sasakian manifold 𝑀 , with quarter 

symmetric metric connection, Nijenhuis tensor is given by 

      𝑁𝜙 𝑋, 𝑌 =  ∇ 𝜙𝑋 𝜙 𝑌 −  ∇ 𝜙𝑌𝜙 𝑋 

                      −𝜙 ∇ 𝑋𝜙 𝑌 + 𝜙(∇ 𝑌𝜙)𝑋                              (55) 

for any 𝑋, 𝑌 𝜖 𝑇𝑀.  

As of(51) and (55), we have 

     𝑁𝜙  𝑋, 𝑌 = −𝜂 𝑌 𝐴𝜙𝑋 − 𝜂 𝑋 𝐴𝜙𝑌 − 4𝑔 𝐴𝜙𝑋, 𝑌 𝜉 

     −4𝑔 𝜙𝑋, 𝑌 𝜉 − 𝜂 𝑌 𝜙𝑋 − 3𝜂 𝑋 𝜙𝑌 − 𝜂 𝑋 ∇ 𝑌𝜉 

           +𝜂 𝑌 ∇ 𝑋𝜉 + 𝜂 ∇ 𝑌𝑋 𝜉 − 𝜂 ∇ 𝑋𝑌 𝜉 + 4𝜙(∇ 𝑌𝜙)𝑋 

                                  

Proposition 5.2. If 𝑀 be a nearly quasi Sasakian manifold 𝑀 , 

with quarter symmetric metric connection, then  

        3 𝐴𝜙𝑌𝑍 − 𝐴𝜙𝑍𝑌 = 𝜙𝑃 𝑌, 𝑍  

            +3 𝜂 𝑍  𝐴𝑌 + 𝑌 − 𝜂 𝑌 (𝐴𝑍 + 𝑍)                  (56) 

for any 𝑌, 𝑍 𝜖 𝐷⊥. 

Proof: For 𝑌, 𝑍 𝜖 𝐷⊥ and  𝑋 𝜖 𝑇(𝑀), we have 

        2𝑔 𝐴𝜙𝑍𝑌, 𝑋 = 2𝑔 𝑕 𝑋, 𝑌 , 𝜙𝑍  

             = 𝑔 𝑕 𝑋, 𝑌 , 𝜙𝑍 + 𝑔 𝑕 𝑋, 𝑌 , 𝜙𝑍                   (57) 

= −𝑔 ∇ 𝑋𝜙𝑌, 𝑍 − 𝑔 ∇ 𝑌𝜙𝑋, 𝑍 + 𝑔 𝜙 ∇ 𝑋𝑌+∇ 𝑌𝑋 , 𝑍  

The above equation is true for all 𝑋 𝜖 𝑇(𝑀), therefore 

transvecting the vector field X both sides, we have 

        2𝐴𝜙𝑍𝑌 = 𝐴𝜙𝑌𝑍 − 𝜙∇ 𝑌𝑍 + 𝜂 𝑌 𝐴𝑍  

           +𝑔 𝐴𝑌, 𝑍 𝜉 − 2𝜂 𝑍 𝐴𝑌 − 2𝜂 𝑍 𝑌  

               +𝜂 𝑌 𝑍 + 𝑔(𝑌, 𝑍)𝜉                                              (58) 

for any 𝑌, 𝑍 𝜖 𝐷⊥. Interchanging the vector fields Y and Z, we 

get 

        2𝐴𝜙𝑌𝑍 = 𝐴𝜙𝑍𝑌 − 𝜙∇ 𝑍𝑌 + 𝜂 𝑍 𝐴𝑌 

           +𝑔 𝐴𝑍, 𝑌 𝜉 − 2𝜂 𝑌 𝐴𝑍 − 2𝜂 𝑌 𝑍  

               +𝜂 𝑍 𝑌 + 𝑔(𝑍, 𝑌)𝜉                                             (59) 

Subtracting (58) and (59), we get 

        3 𝐴𝜙𝑌𝑍 − 𝐴𝜙𝑍𝑌 = 𝜙𝑃 𝑌, 𝑍  

            +3 𝜂 𝑍  𝐴𝑌 + 𝑌 − 𝜂 𝑌 (𝐴𝑍 + 𝑍)                    (60) 

for any 𝑌, 𝑍 𝜖 𝐷⊥. 

Theorem 5.3. If 𝑀be a CR-submanifold of a nearly quasi 

Sasakian manifold 𝑀 , with quarter symmetric metric 

connection, then the distribution 𝐷⊥  is integrable if and only if 

 𝐴𝜙𝑌𝑍 − 𝐴𝜙𝑍𝑌 =  𝜂 𝑍  𝐴𝑌 + 𝑌 − 𝜂 𝑌 (𝐴𝑍 + 𝑍)       (61) 

Proof: Primary suppose that the distribution 𝐷⊥  is integrable. 

Then  𝑌, 𝑍  𝜖 𝐷 for any 𝑌, 𝑍 𝜖 𝐷⊥. Since 𝑃 is a projection 

operator on 𝐷, so 𝑃[𝑌, 𝑍]  =  0. Thus from (56) we get (61). 

Conversely, we suppose that (61) holds. Then using (56), we 

have 𝜙𝑃[𝑌, 𝑍]  =  0 for any 𝑌, 𝑍 𝜖 𝐷⊥. Since 𝑟𝑎𝑛𝑘 𝜙 =  2𝑛. 

Therefore, either 𝑃[𝑌, 𝑍]  =  0  or 𝑃[𝑌, 𝑍]  =  𝑘𝜉. But 

𝑃[𝑌, 𝑍]  =  𝑘𝜉  is not possible as 𝑃  is a projection operator on 

𝐷. Thus, 𝑃[𝑌, 𝑍]  =  0, which is equivalent to  𝑌, 𝑍 𝜖 𝐷⊥ for 

any 𝑌, 𝑍 𝜖 𝐷⊥ and hence 𝐷⊥  is integrable. 

 

Corollary 5.4. If 𝑀be a 𝜉-horizontal CR-submanifold of a 

nearly quasi Sasakian manifold 𝑀 , with quarter symmetric 

metric connection, then the distribution 𝐷⊥  is integrable if and 

only if 

            𝐴𝜙𝑌𝑍 − 𝐴𝜙𝑍𝑌 = 0                                                   (62) 
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