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ABSTRACT: The aim of this paper is to study some basic concepts of the fuzzy co-norm and fuzzy co-orthogonality, presented
by formulating the notion of a fuzzy co-inner product space; and to establish their basic properties.
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1. INTRODUCTION

In [1] Biswas has defined and discussed fuzzy norm of a
vector and fuzzy orthogonality of one vector with respect to
the other by introducing the concept of a fuzzy inner product
space in a linear space. However, the definition of a fuzzy
inner product space (fuzzy norm) given by him is stated in
terms of the conjugate of a vector which in general is devoid
of any meaning in an arbitrary linear space.

In this paper, an attempt is made to filter out this redundancy.
In addition, the concept of a co-inner product space in a
linear space is formulated and fuzzy co-norm (fuzzy co-
orthogonality) induced by a fuzzy co-inner product space is
discussed.

Definition 1.1

A fuzzy subset v of F is called a fuzzy subfield of F if
VX, Y € F , the following conditions are satisfied:

() v(x +y) = min{v(x),v(Y)},

(i) V(—x) = (%),

(i) v(xy) = min{v(x), v(¥)},

(V) v(x ) = (%), x = 0, and

V) v(O) =1 = wv(1).

Clearly, Wv(x) = W(—X) =Wwv(X ")Vx e F, x = 0.
Definition 1.2

Let v be a fuzzy subfield of F and let 4 be a fuzzy subset of

V. Then w is called a fuzzy linear space V with respect to v
if VX,y eV and Va € F, the following conditions hold:
(1) n(x +y) = min{u(x), u(y)},

(i) p(ox) = min{v(a), n(x)}, and

(iii) n(0) =1.

Definition 1.3

Let v be a fuzzy subfield of F. A fuzzy subset 6 of VxV is
said to be a fuzzy inner product space in V with respect to v if

VX, Y,z eV and Va e F the following conditions hold:
(i) O(x+VY,z) = min{&(x%, 2),6(y, 2)},

(i) O(ax, y) = min{v(e), O(x, y)}, and

(iii) O(x,y) = 6(y, X).

The number @ (x, y) is called the inner product of the
elements x, y.

Definition 1.4

Let v be a fuzzy subfield of F and let 6 be a fuzzy inner
product in V withrespect to v. A fuzzy norm, symbolized by
[I]l, is a fuzzy subset of V which fulfils the following
conditions:

M I x M=l o

(i) [| ox [|= min{v(a), || x [}, and

(i) | x +y |z min{|| x [l [| y [l 6(x, ¥)},

where X,y e Vand a € F.

We state only the following theorem which is useful in our
further discussion.

Theorem 2.1

Let v be a fuzzy subfield of F and let 6 be a fuzzy inner
product space in V. Then VX,Y,z€V and Vo € F, the
following are true:

(1) (0, y) = 0(x,y),

(ii) 6(x,0) = 9(x, y),

(iii) ©(0,0) = O(x, ),

(iv) 6(x, ay) = min{v(x),0(x%, y)}, and

(V) 8(x,y +2z2)=2min{O(Xx, y),0(x,2)}.

Definition 1.5

Let 0 be a fuzzy inner product space in V and let x,yeV.
Then the element x is said to be orthogonal to y if 6(x,y)=0.

It is clear from definitions (1.3(iii)) and (1.6) that the relation
of orthogonality is symmetric.

The following result guarantees the existence of fuzzy inner
product space structures in a linear space.

Theorem 2.2

Let 4 be a fuzzy linear subspace of V with respect to a
fuzzy subfield v of F. Let 6 be a fuzzy set in VXV defined by
(x,y)= min{ £z (x), ¢ (y)}.Then
VX,Y,Z eV and Va e F the following are true:

(i) 6(x,y) =6(y, %),

(i) O(x+y,z) = min{O(x,2),60(y,2)},

(i) O(ax, y) = min{v(«),0(x, y)}, and

(iv) 6(0,0) = max{4(0, y),0(x,0)}= (X, y)
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Proof:-
(1) is obvious.

For (ii),
O(xty, 2) = min{ u (x+y), 4 (2)}
> min{min{ 2 (x), £ (y)}, g (2)}=min {p (x),
(), p @)}
=min {min{ 22 (x), 4 @)} min {(y), p(2)}}
=min {6(x,z), 0(y,z)}.
For (iii),
O(ax, y) =min { 1 (0x), 1 (y)}
> min {min{v(a), 1 (X)}, £ (Y)}
= min {v(a), min{z(x), wy)}}r=min {v(a),

0(x.y)}.
For (iv),
0 (x, 0)=min{ 1 (x), £ (0)}= s (x) since 1 (0)> 41 (x)
> mln{ /,l (X), /,l (Y)}:e (X’ y)
........ (1)
Similarly, it follows that
0 (0, y) > 0 (x, y)-
eeen(2)

Now, taking x =0 in (1) and y = 0 in (2), we infer that
6(0, 0) > max {6 (0, y), 6(x,0)} 26 (x, y),
which is the desired inequality.

Remark

From parts (i)-(iii) of the above theorem, it follows that 0 is a
fuzzy inner product space in V with respect to the fuzzy
subfield v. Thus with every fuzzy linear subspace of V there
is associated a unique fuzzy inner product space in V in a
natural manner.

In the theory of inner product spaces, the null vector has the
smallest norm. However, the opposite is true in case of fuzzy
inner product spaces by Definition 1.4. To overcome this
anomaly we introduce the notions of fuzzy co-inner product
space and fuzzy co-norm function as follows:

Definition 1.6

Let v be a fuzzy subfield of F. A fuzzy subset 0* of V x V is
said to be a fuzzy co-inner product space in V with respect to

the fuzzy subfield v if VX, y,zeV and Va € F the

following conditions hold:

(i) 0* (xty, z) < max {6*(x, z), 0%(y, 2)},
(i) 0* (ax, y) <min {v(a), 0*(x, y)}, and
(i) 6% (x,y) = 0*(y, x).

The number 6*(x, y) is referred to as the co-inner product of
the elements x, v.

Definition 1.7

Let 6* be a fuzzy co-inner product space in V with respect to
a fuzzy subfield v of F. A fuzzy co-norm function,
symbolised by ||||*, is a fuzzy subset of V satisfying
vx,yeV and Va e F

the following conditions:

@ xI*=Jof*,

(if) [Jox|[*< min {v(a),[x||*}, and

(i) [yl < max{[[x|[*, [Iyl[*, 6*(x, )}

Theorem 2.3

Let 0* be a fuzzy co-inner product space in V with respect to
a fuzzy subfield v of F and let u (x)=0*(x, x) VX eV.
Then the following are true:

(i) u )= w(0),

(i) M (ox) <min{v(a), £ (xX)}, and

(i) g (x+y) < max{ g (x), p(y), 0%, y)}.

Proof

(1) Since 6*(ox, y) < min {v(a), 0*(x, y)}, by taking a=
0, we obtain 6*(0, y) < min{v(0),0*(x,y)}=6*(x,y), since
v(0)=1. Similarly, using symmetry and interchanging the
roles of x and y we infer that 6*(x,0) < 6*(x,y). Now,

4 (0)=10%(0, 0)=06%(0x, 0)}
<min{v(0), 0*(x, 0)}=0*(x, 0) < 0*(x, x) = &£ (X).
For (ii),
M (ax) = 0*(ax, ox)
<min {v(a), 0*(x, 0x)} = min{v(a), 0*(ax, X)}
<min {v(a), min {v(a), 0*(x, x)}}
=min {v(a), 0*(x, x)} =min {v(a), ¢ (X)}.
For (iii),
M (xty) = 0*(xty, xty)
< max{0*(x, xty), 0*(y,
max {0*(xty, x), 0*(x+y, y)}
< max {max{0*(x, x), 0*(y, x)}, max {0*(x,
Y.0*(y, )1}
= max {0*(x, x), 0*(y, y), 0*(x, y)} = max {
H(X), e (y), 0%(x, y)}
It is clear from the above proposition that 4 is a fuzzy co-
norm and is referred to as the ‘fuzzy co-norm induced by the
fuzzy co-inner product space 6*’.
Definition 1.8
Let 6* be a fuzzy co-inner product space in V with respect to
a fuzzy subfield v of F. The elements X, yeV are said to be
co-orthogonal if 0*(x, y) = 0.
It is obvious that co-orthogonality is a symmetric relation.
For every nonempty subset A of V,we gefine the fuzzy co-
orthogonal complement of A, denoted A", by
A" ={xeV:0* (a,x)=0V acA}.
Proposition 3.1

@) If Ac B,then B* < A™.

2 A" isalinear subspace of V.
Proof:-

@ is obvious. To prove (2), letx, y € A", aeF, and a
€ A. Then 0*(x, a) = 0 and 0*(y, a)=0. Now,

0 < 0* (x+y, a) < max {0*(x, a), 0%(y, a)}=0

andsox+ye A", Again,

0 <0*(ox, a) > min {v(a), 0*(x,a)} =0

xty)p =

and so ox € Al. Consequently, A* is a linear subspace of
V.

The following result ensures the existence of sufficiently
many fuzzy co-inner product space structures in a linear
space.

Proposition 3.2

Let g be a fuzzy linear subspace of Vwith respect to the

constant subfield v(X)= 1
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Vx e X. We define a fuzzysubset o of V xV by o(x, y)=min{1-u(x), 1- u(y)}-
Then V¥, y,ze Vand Va e F, the following hold :

(i) o(x+y,z)<max{o(x y),o(y,2)},

(i) o(ox,2) < o(x, ),

(iii) o(x, y)=0o(y,x), and

(iv) (%, 0)=5(0, y)=05(0,0)=0.

We observe that the constant fuzzy subfield v defined by
V(X)=1 VX € Fisjust y., the characteristic function of F.

Proof:-
For (i),

o(x+Yy,z) =min{1-p(x +y)1-pn(2)}
<min{max{1-p(x), 1- n(y)}1-u(2)}
=max {min{1- p(x), 1- n(z)}, min {1- u(y),1-n(2)}
=max {o(X, 2),0(y,2)}.

For (ii),

o(ex,z) =min{l- p(ex),1- p(z)}< min fL- u(x)1- p(2)} = o(x,2).
(iii) Obvious

For (iv),

o(x 0)=min{1- x(x),1- #(0)}=min{1- u(x), 0}=0

what remains to be proved in (iv) is straightforward.

The above result shows that with every fuzzy linear subspace
of V with respect to the constant fuzzy subfield v=1, there is
associated a unique fuzzy co-inner product space in V in a
natural way.

Theorem 2.4
Let s be a fuzzy linear subspace of V with respect to the

constant fuzzy subfield v(x) = 1V¥x eV. Let o denote the
fuzzy co-inner product space of V induced by « as in

Proposition 3.2. Then the following hold:

H{0y =V
(i) V" ={xeV : u(x)=u(0)=1},in case u # y V.
Proof:-

(i) Forall x € V, we have o(x,0) = min{1— p(x),L - (0)} = 0,sin ce u(0) =1.

S0, x e {0} and thus {0} = V.

(ii)Let U={x € V:p(x) =n(0) =1}. Toshow that V* = U,let x e V.

Then V* ¢ U, since o(x, v) =0 Vv e Vimplies min{1- p(x),1-p(v)}=0vv eV,
which means p(x) =1or p(v) =1 Yo e V, thatis u(x) =1(since p # yv),and so x ¢
Similarly, it can be easily verified that thereverse inclusion U < V* also holds.
We statethe following result without proof.

Corollary 2.5

If o and 0 are fuzzy co-inner product spaces in V with
respect to a fuzzy subfield v, then o U 0 is also a fuzzy co-
inner product space in V with respect to the fuzzy subfield v.
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